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Electrostatic modes in dusty plasmas with continuous size distributions
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When the dust plasma frequency, and hence the dust-acoustic velocity is computed for a dusty plasma
containing charged grains with individual identities, three possibilities occur in a natural way. One form is
based on the average over all dust grains of the ratio of the square of charge to mass, whereas a second one
uses the average charge and the average mass. The difference between the two gives rise to a dust distribution
mode. A third option is to describe dust grains of similar composition by a monodisperse model based on an
average radius, that conserves overall charge density. The dust plasma frequency thus obtained is intermediate
between those from the two other definitions, indicating that the use of a monodisperse description at this
average size underestimates the mass effects of the distribution. These results are applied to power-law size
distributions observed in planetary rings.
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[. INTRODUCTION differing characteristics, in contrast to the classic picture of
dusty plasmas where all dust grains are assumed to have the
Wave processes in dusty plasmas give rise to interestingame average mass and chai@@]. The grains are treated
difficulties and complications that do not occur in standardas constant point charges, since charging processes or grain
plasma theory, and typically include new low-frequencyinteractions are not considered here. The electron and ordi-
modes such as the well-known dust-acoustic mpté]. nary ion contributions to the electrostatic dispersion law are
Background information about dusty plasmas, mixtures ofstandard.
electrons, ions and charged dust grains, and about their char- In most astrophysical situations, there is a whole range of
acteristic eigenmodes can be found in two recent b§d)a. sizes and masses of grains, and through the actions of the
Contrary to the experiments with monodisperse dust or witttharging processes also a range of charges. All the charged
grains of two sizes, dust in heliospheric and astrophysicaflust grains(with their multiple identities are treated to-
environments comes in all sizes, in an almost continuougether as a global dust fluid, with charge density and
range going from macromolecules to rock fragments. Comimass density,. We follow a simplified versior}8] of the
paratively less research has been done about such distribkinetic approach of Varmg], in which the microscopic dust
tions in size, mass, or charge. Models have treated thdistribution functionfy(x,w,t,q,m) incorporates the charge
charged dust as a limited number of discr@iegative ion g and the massn as continuous, independent phase space
species, or by using continuous distributions over a definiteyariables, besides, w, andt. The Vlasov-type kinetic equa-
size range, leading to changes in dispersion laws for some aion
the electrostatic dusty plasma modes such as dust-acoustic
waves[5-8|. oty oty [ q
To avoid difficulties associated with multiple dust grain It w- 5—(5
identities, we have in a previous pap8i studied global dust
charge and mass densities and now treat continuous size dis- . o
tributions in detail. We recall in Sec. Il elements of our ear-ncludes electrostatic and self-gravitational forces through
lier formalism, and give new insights into separable distribu-the respective potentialg and . There are nog and m
tions and their consequences, when charge distributions ca@ntributions for dust grains with constant charges and
be considered irrespective of the momenta. The results af@asses, in contrast to recent attempts to describe charge fluc-
adapted in Sec. lIl to size distributions and applied to powertuations for grains that are monodisperse in mass, but poly-
law size distributions observed in heliospheric plasmas. Ougisperse in charge, so thatout notmis treated as an addi-
conclusions are summarized in Sec. IV. tional phase space variall£0—12.
If we associate with each microscopic quantityits mac-
roscopic averagéA), defined as

f
=0 1)

d
V(,D+Vlﬂ) . (?_W

II. BASIC FORMALISM

We consider a model that contains, besides the electrons

— 3
and (plasma ions, a collection of charged dust grains with <A>_f faAd"wdq dm 2
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the mass and charge densities are givenphy(m) and terms in Eq.(3). However,gdpdzaﬁ is only possible if all
o4=(Q). Since different charge-to-mass ratios are involveddust grains have the same charge-to-mass ratio, as we now
two average velocities can be defined for the dugtfrom  prove in general, also for dust distribution functions that are
following its mass motion andy from following its charge not separable. As shown in our previous pap&F &4pqg
motion. This leads to two evolution equations, viz., the clas— 03=0 and the equality sign leads to

sic momentum equation fgsqug=(mwy), and an equation

for the evolution of the dust curremtyvy={qw), written in o (a q 2 )
the cold dust limit as f g4(d,mgq(q’,m")mm m dgdgdmdni=0.
dug (7

——=—04yVo—p4V, o . . . .
T TaV = paVy In the distributiongyy the integrations over microscopic ve-

locities have been carried out adandt are omitted for
dvy notational brevity. A change of integration variables #o
Tagy ~ baVe—oaVy. 3 =g/m and 7' =q’/m’ transforms this, after integrating out
overmandm’, into
It isznecessary to include a third macroscopic dengity
=(Qg“/m) that gives the correct definition of the dust plasma NG IN2 '
fréc?uenéy for mass distributior{8], and thus has a 5irect f Ro(hg(7)(7=7")d7d7’=0. ®

impact on electrostatic modes. The set of basic equations is . . —_
closed by the electrostatic and gravitational Poisson’s equd20ind through the same steps, starting from the definition of

tions. (m)>0, yields

Before proceeding further, we now briefly discuss new
insights into the implications of separable distribution func- <m>=f hg(7)d7>0. 9)
tions. By this we mean that the microscopic velocity proper-

ties of a given spectrum of charge§ af‘d Masses can be sel?f‘c')mbining this with Eq(8), one sees thdty(7) has a Dirac
rated from the charge and mass distribution itself, s-distribution behaviorhy(7)e 8(7— 7o), indicating that all

f 4% W, 1,0, M) = Fy(x,W, 1) Gy(X,t,G,m). (4) charged dust particleé-s have the same charge-to-mass-gatio

However,&4pq= oy is here a consequence of the assumed

The assumption underlying such a decomposition is thageparability of the original microscopic dust distribution
there is a generic velocity distribution in phase space, that i§inctionsfy, so that being able to describe the dust charge
independent of the dust chargend mass distributions  (and masgdistributions irrespective of their velocities for all
[9,12). This is a legitimate way of studying the chargexd  average$9] is tantamount to saying that all dust grains have
mas$ distributions themselves. When investigating whatthe same charge-to-mass ratio.
happens to highay andm moments, however, the hypothesis  If, in addition, one considers a charge distribution for par-
of separability has surprising and stringent consequenceicles with the same mass, as some treatments have assumed
leading essentially to all charged dust having the samél0,11], separability means that all particles have the same
charge-to-mass ratio. To see this, we will separate out theharge, and there is no longer a charge distribution One can-
averages oveF, and overg, in an obvious notation such as not really disentangle the velocity or momentum aspects

pa={(m)y=(1) Xm);. Consequently from the charge and mass distributions itself, except for the
lowest order average. Physically this makes sense, because
(mw)  (Wym)g (W)r the charging mechanisms depend on the grain velocities.
Ug= (m) = (1) Amyg = (1), ©) Coming back to the wave dispersion properti8$ we

note that the correct definition of the polydisperse dust

is clearly independent of the charge and mass distributioRlasma frequency is throughj=£qo/o, determined by
itself, as expected. Analogous computationsvipshow that ~ the average of the ratio of the charge squared to the mass.
the (q) contributions similarly drop out and the two macro- The subscript O refers to equilibrium values, to be computed
scopic velocities coincide. This comes as no surprise, sincom the equilibrium distributiorf4o. For the dust Jeans fre-
we have assumed that the charge and mass distributions cgoency squaredw?;=4mGpy, the average massmg
be treated independently of the velocity distribution. In itself, = p, /ngo=(m)/(1) enters. This tallies with previous at-
this is not sufficient to prove directly that all dust grains havetempts to study dust mass distributidits7].
the same charge-to-mass ratio, although the converse obvi- The dust-acoustic dispersion law[8]
ously holds[8]. However, forug=vy (3) tells us that
; w*+ 0?03~ k22, +k3(c3,—c2)w3,=0, (10
at EV‘P_V‘/’: - o—dVgo—Vw, () where electron and ion inertia are neglected aggdis the
effective plasma Debye lengtf8]. There are two dust-

necessitatingdpd=cr§. This result is not restricted to cold acoustic velocitiescy,=wpghp and Cga=wpghp, corre-
dust, since one can show that it holds even with pressureponding to the two dust plasma frequencies. The latter oc-
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curs in problems involving self-gravitation, is defined responding to a monodisperse description at the average size.
throughggdzggo/gopdo and is computed from the average Leaving out for all three definitions the common factors
charge and mass densities, or equivalently from the numb@zlng, we havew3q(a t), wiq(a)?(a®), and w3y
densityngo=(1), the average dust chargg=(q)/(1) and  *(1)“/(a). From

the average dust mamﬁ=<r_n>/(1>. Also, wpq only reduces 02— w2 o (a)(a )~ (1)2

to w4 provided all dust grains have the same charge-to-mass P p

12

ratio. Moreover, since§d0>a§0/pdo [8], it follows that in 1 -

— AR /
generalw3<w34, and similarly for the dust-acoustic ve- = ZJ ga(a)gg(a’) aa dada=0,
locities c2,<c2,.

For monodisperse dus_,t, or for dust gre}ins all he}ving the Eﬁd—zﬁd“<l>2<a3>—<a>3
same charge-to-mass ratios, the last term in(lEg).vanishes
and we recover the dust-acoustic Jeans n@&qj&3]. Since

one of the rootsv? goes to zero WheEdchda, that mode
is called the dust distribution modé,8].

1
= gf ga(a)gg(a’)gg(a”)

X(a+a'+a")[(a—a')’+(a—a")?
I1l. CONTINUOUS SIZE DISTRIBUTIONS +(a’—a”)2]da da da’=0, (13

We now adapt these definitions and results to size distrithe ordering between the three definitions of the dust plasma
butions, rather than treating charge and mass as uncorrelatgdquencies follows as

phase space variables. This is particularly relevant when the

orbit-motion-limited (OML) charging model 3,4] is used, W2 S 02 =< w2y
where the dust is charged by electron and ion currents to the P . P
grains, and in a given plasma environment the charge is prgind the monodisperse averagg, lies between the two oth-
portional to the sizea. Furthermore, for grains of similar ers. Hence, using a monodisperse description at the average

composition the mass varies wigf. size tends to underestimate the mass effects of the distribu-
A redefinition of the distribution functioffy to depend on tion, becauseny—my=(1)%(a% —(a)3=0. The same order-

arather than org andm separately yields ing occurs for the corresponding dust-acoustic velocities,

q(a)? with Cga=wpehp being smaller than the correct averagg
§d=f gq(a) ——da, (11 over the dust distributions. Finally, there are analogous re-

m(a ~
(@) percussions on the Jeans frequency defined wiihrather

with analogous expressions fofy and py. Takingg(a)=xa  than withmg, so thatw3y=4mGngMy=< w3g.

andm(a)=a® allows a connection with earlier attempts to  For several space dust distributions there occurs a power-

describe charged dust grains with sizes in a continuous bu&w density decrease with size, of the fogg(a)=Ca™ *,

limited size rangg7,14-16. where u is positive and fairly large, of order 3 to 7. Distri-
Now we turn to an equivalent monodisperse descriptionputions of this sort have been observed in planetary dusty

and try to see how an average dust grain might be defined. Tplasmas, with power-law indiceg=4.6 for theF ring of

fix the ideas, we assume that all grains are made up of th8aturn[17], andu =6 [18] or =7 [19] for the G ring. The

same material, with mass densjiy,,ss and charged in the integrals over size can then be worked out explicitly,

same plasma and radiation environment to a surface potential

V. Then a simple link exists between size, charge and mass,

(14)

€+17;L_af+1fpd

b 8max ¢ _ min max
q(a)=Qa and m(a)=Ma3, if the coefficients of propor- I,=(a")= . ge(a)a’da=C (-1
tionality in the OML charging model are denoted I6y (15)
=4megV andM =4mp,643, respectivelyf3,4]. In our no-
tation with the averages, one has that For values ofu>¢€+1, viz., for rather steep power-law de-
creases and provided the ra#ig./ami, is sufficiently large,
2/1 the integrals can be approximated as
T90=Q(a), pao=M(a%, §d0:V<a> (12
a(f-'i-l—,u
_ I,~C—— . (16)
Hencea=(a)/{1) gives the average size of a dust grain, and p—t-1

this conserves overall dust charge denkity For compari- It is then the minimum size of the dust grains that plays a

son with mo_nodlsperge grains it seems logical to define thErucial role, but unfortunately this quantity is difficult to as-
average.graln as havmg Jan average size. Howe\./er, the MaZ&rtain observationally, since it could be well below the sen-
of a grain of average sizey=Ma’=M(a)%(1)*, is quite sitivity of the detectors. Thus we obtain
different from the average grain masg=M(a>)/(1).

Turning to the dust plasma frequencies, there now occurs — If C(u—4) —u

a third possible definition, denoted ly,, namely, that cor- Ypd* 7T (1—2)2 Brmin »
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- To_Clu-2) _,
O LT (ump?

2 C -

wpg*Z 1= —anh, a7
72

and there are some corrections whemgoes through a criti-

cal value or whermu<4, as discussed elsewhdid. It also

follows that the ratios

wpe_ To _ p(u—2)
2 LT, (p—1)%

O)pd
E@: 13 _m(p—4) 19
w2y Lla (n=2)°
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shows that one definition is based on the average over all
dust grains of the charge-squared-to-mass ratio, whereas a
second one uses the average charge and the average mass.
The difference between the two gives rise to a dust distribu-
tion mode.

A third option is to replace dust grains in a range of sizes
by an average monodisperse description, based on grains of
an average radius that conserves overall charge density. The
dust plasma frequency thus obtained is intermediate between
the two others, indicating that assuming a monodisperse de-
scription at this average size underestimates the mass effects
of the distribution.

In passing, we have discussed the possibility of describing
the dust chargdand mask distributions independently of
their momenta, and shown that this is tantamount to saying
that all dust grains have the same charge-to-mass ratio, if this
separability is to hold for alty and m moments. Hence, one
cannot really separate the velocity or momentum aspects of

depend upon the power-law index, but only very weakly ongg charge and mass distribution, a reflection of the fact that

the limits of the distribution range. When>4 but close to

the charging mechanisms depend on the velocities of the

4, these ratios can drop significantly below 1, the Iimitinggrains_

value for largew. While the second ratio only crops up when

Our results are of direct interest to various astrophysical

self-gravitation is present, it is the first that would have Widerdusty plasmas, where dust grains occur naturally in a whole
usage. However, for the values observed in planetary rings range of sizes, and hence also in a range of charges, depend-

a monodisperse description would give quite acceptab|e V_a"ng on the charging mechanisms, as illustrated here for the
ues for the plasma frequency and the dust-acoustic velocCity.ace of planetary rings.

IV. CONCLUSIONS

For a continuous distribution of charged grains with indi-
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