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Electrostatic modes in dusty plasmas with continuous size distributions
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When the dust plasma frequency, and hence the dust-acoustic velocity is computed for a dusty plasma
containing charged grains with individual identities, three possibilities occur in a natural way. One form is
based on the average over all dust grains of the ratio of the square of charge to mass, whereas a second one
uses the average charge and the average mass. The difference between the two gives rise to a dust distribution
mode. A third option is to describe dust grains of similar composition by a monodisperse model based on an
average radius, that conserves overall charge density. The dust plasma frequency thus obtained is intermediate
between those from the two other definitions, indicating that the use of a monodisperse description at this
average size underestimates the mass effects of the distribution. These results are applied to power-law size
distributions observed in planetary rings.
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I. INTRODUCTION

Wave processes in dusty plasmas give rise to interes
difficulties and complications that do not occur in standa
plasma theory, and typically include new low-frequen
modes such as the well-known dust-acoustic mode@1,2#.
Background information about dusty plasmas, mixtures
electrons, ions and charged dust grains, and about their c
acteristic eigenmodes can be found in two recent books@3,4#.
Contrary to the experiments with monodisperse dust or w
grains of two sizes, dust in heliospheric and astrophys
environments comes in all sizes, in an almost continu
range going from macromolecules to rock fragments. Co
paratively less research has been done about such dist
tions in size, mass, or charge. Models have treated
charged dust as a limited number of discrete~negative ion!
species, or by using continuous distributions over a defi
size range, leading to changes in dispersion laws for som
the electrostatic dusty plasma modes such as dust-aco
waves@5–8#.

To avoid difficulties associated with multiple dust gra
identities, we have in a previous paper@8# studied global dust
charge and mass densities and now treat continuous size
tributions in detail. We recall in Sec. II elements of our e
lier formalism, and give new insights into separable distrib
tions and their consequences, when charge distributions
be considered irrespective of the momenta. The results
adapted in Sec. III to size distributions and applied to pow
law size distributions observed in heliospheric plasmas.
conclusions are summarized in Sec. IV.

II. BASIC FORMALISM

We consider a model that contains, besides the elect
and ~plasma! ions, a collection of charged dust grains wi
1063-651X/2003/67~1!/016406~4!/$20.00 67 0164
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differing characteristics, in contrast to the classic picture
dusty plasmas where all dust grains are assumed to hav
same average mass and charge@3,4#. The grains are treated
as constant point charges, since charging processes or
interactions are not considered here. The electron and o
nary ion contributions to the electrostatic dispersion law
standard.

In most astrophysical situations, there is a whole range
sizes and masses of grains, and through the actions o
charging processes also a range of charges. All the cha
dust grains~with their multiple identities! are treated to-
gether as a global dust fluid, with charge densitysd and
mass densityrd . We follow a simplified version@8# of the
kinetic approach of Varma@9#, in which the microscopic dus
distribution functionf d(x,w,t,q,m) incorporates the charg
q and the massm as continuous, independent phase sp
variables, besidesx, w, andt. The Vlasov-type kinetic equa
tion

] f d

]t
1w•

] f d

]x
2S q

m
“w1“c D • ] f d

]w
50 ~1!

includes electrostatic and self-gravitational forces throu
the respective potentialsw and c. There are noq̇ and ṁ
contributions for dust grains with constant charges a
masses, in contrast to recent attempts to describe charge
tuations for grains that are monodisperse in mass, but p
disperse in charge, so thatq but notm is treated as an addi
tional phase space variable@10–12#.

If we associate with each microscopic quantityA its mac-
roscopic averagêA&, defined as

^A&5E f dAd3wdq dm, ~2!
©2003 The American Physical Society06-1
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the mass and charge densities are given byrd5^m& and
sd5^q&. Since different charge-to-mass ratios are involv
two average velocities can be defined for the dust,ud from
following its mass motion andvd from following its charge
motion. This leads to two evolution equations, viz., the cl
sic momentum equation forrdud5^mw&, and an equation
for the evolution of the dust currentsdvd5^qw&, written in
the cold dust limit as

rd

dud

dt
52sd“w2rd“c,

sd

dvd

dt
52jd“w2sd“c. ~3!

It is necessary to include a third macroscopic densityjd
5^q2/m& that gives the correct definition of the dust plasm
frequency for mass distributions@8#, and thus has a direc
impact on electrostatic modes. The set of basic equation
closed by the electrostatic and gravitational Poisson’s eq
tions.

Before proceeding further, we now briefly discuss n
insights into the implications of separable distribution fun
tions. By this we mean that the microscopic velocity prop
ties of a given spectrum of charges and masses can be
rated from the charge and mass distribution itself,

f d~x,w,t,q,m!5Fd~x,w,t !Gd~x,t,q,m!. ~4!

The assumption underlying such a decomposition is
there is a generic velocity distribution in phase space, tha
independent of the dust charge~and mass! distributions
@9,12#. This is a legitimate way of studying the charge~and
mass! distributions themselves. When investigating wh
happens to higherq andm moments, however, the hypothes
of separability has surprising and stringent consequen
leading essentially to all charged dust having the sa
charge-to-mass ratio. To see this, we will separate out
averages overFd and overGd in an obvious notation such a
rd5^m&5^1&F^m&G . Consequently

ud5
^mw&

^m&
5

^w&F^m&G
^1&F^m&G

5
^w&F
^1&F

~5!

is clearly independent of the charge and mass distribu
itself, as expected. Analogous computations forvd show that
the ^q&G contributions similarly drop out and the two macr
scopic velocities coincide. This comes as no surprise, s
we have assumed that the charge and mass distributions
be treated independently of the velocity distribution. In itse
this is not sufficient to prove directly that all dust grains ha
the same charge-to-mass ratio, although the converse o
ously holds@8#. However, forud5vd ~3! tells us that

dud

dt
52

sd

rd
“w2“c52

jd

sd
“w2“c, ~6!

necessitatingjdrd5sd
2 . This result is not restricted to col

dust, since one can show that it holds even with press
01640
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terms in Eq.~3!. However,jdrd5sd
2 is only possible if all

dust grains have the same charge-to-mass ratio, as we
prove in general, also for dust distribution functions that a
not separable. As shown in our previous paper@8# jdrd

2sd
2>0 and the equality sign leads to

E gd~q,m!gd~q8,m8!mm8S q

m
2

q8

m8
D 2

dq dq8dm dm850.

~7!

In the distributionsgd the integrations over microscopic ve
locities have been carried out andx and t are omitted for
notational brevity. A change of integration variables tot
5q/m and t85q8/m8 transforms this, after integrating ou
over m andm8, into

E hd~t!hd~t8!~t2t8!2dt dt850. ~8!

Going through the same steps, starting from the definition
^m&.0, yields

^m&5E hd~t!dt.0. ~9!

Combining this with Eq.~8!, one sees thathd(t) has a Dirac
d-distribution behavior,hd(t)}d(t2t0), indicating that all
charged dust particles have the same charge-to-mass ratit0.

However,jdrd5sd
2 is here a consequence of the assum

separability of the original microscopic dust distributio
functions f d , so that being able to describe the dust cha
~and mass! distributions irrespective of their velocities for a
averages@9# is tantamount to saying that all dust grains ha
the same charge-to-mass ratio.

If, in addition, one considers a charge distribution for p
ticles with the same mass, as some treatments have ass
@10,11#, separability means that all particles have the sa
charge, and there is no longer a charge distribution One c
not really disentangle the velocity or momentum aspe
from the charge and mass distributions itself, except for
lowest order average. Physically this makes sense, bec
the charging mechanisms depend on the grain velocities

Coming back to the wave dispersion properties@8#, we
note that the correct definition of the polydisperse d
plasma frequency is throughvpd

2 5jd0 /«0, determined by
the average of the ratio of the charge squared to the m
The subscript 0 refers to equilibrium values, to be compu
from the equilibrium distributionf d0. For the dust Jeans fre
quency squaredvJd

2 54pGrd0 the average massm̄d

5rd0 /nd05^m&/^1& enters. This tallies with previous at
tempts to study dust mass distributions@6,7#.

The dust-acoustic dispersion law is@8#

v41v2~vJd
2 2k2cda

2 !1k2~ c̄da
2 2cda

2 !vJd
2 50, ~10!

where electron and ion inertia are neglected andlD is the
effective plasma Debye length@3#. There are two dust-
acoustic velocitiescda5vpdlD and c̄da5v̄pdlD , corre-
sponding to the two dust plasma frequencies. The latter
6-2
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curs in problems involving self-gravitation, is define
throughv̄pd

2 5sd0
2 /«0rd0 and is computed from the averag

charge and mass densities, or equivalently from the num
densitynd05^1&, the average dust chargeq̄d5^q&/^1& and
the average dust massm̄d5^m&/^1&. Also, v̄pd only reduces
to vpd provided all dust grains have the same charge-to-m
ratio. Moreover, sincejd0>sd0

2 /rd0 @8#, it follows that in

generalv̄pd
2 <vpd

2 , and similarly for the dust-acoustic ve

locities c̄da
2 <cda

2 .
For monodisperse dust, or for dust grains all having

same charge-to-mass ratios, the last term in Eq.~10! vanishes
and we recover the dust-acoustic Jeans mode@6,13#. Since
one of the rootsv2 goes to zero whenc̄da→cda , that mode
is called the dust distribution mode@6,8#.

III. CONTINUOUS SIZE DISTRIBUTIONS

We now adapt these definitions and results to size dis
butions, rather than treating charge and mass as uncorre
phase space variables. This is particularly relevant when
orbit-motion-limited ~OML! charging model@3,4# is used,
where the dust is charged by electron and ion currents to
grains, and in a given plasma environment the charge is
portional to the sizea. Furthermore, for grains of simila
composition the mass varies witha3.

A redefinition of the distribution functionf d to depend on
a rather than onq andm separately yields

jd5E gd~a!
q~a!2

m~a!
da, ~11!

with analogous expressions forsd andrd . Taking q(a)}a
and m(a)}a3 allows a connection with earlier attempts
describe charged dust grains with sizes in a continuous
limited size range@7,14–16#.

Now we turn to an equivalent monodisperse descripti
and try to see how an average dust grain might be defined
fix the ideas, we assume that all grains are made up of
same material, with mass densityrmass, and charged in the
same plasma and radiation environment to a surface pote
V. Then a simple link exists between size, charge and m
q(a)5Qa and m(a)5Ma3, if the coefficients of propor-
tionality in the OML charging model are denoted byQ
54p«0V and M54prmass/3, respectively@3,4#. In our no-
tation with the averages, one has that

sd05Q^a&, rd05M ^a3&, jd05
Q2

M K 1

aL . ~12!

Henceā5^a&/^1& gives the average size of a dust grain, a
this conserves overall dust charge density@7#. For compari-
son with monodisperse grains it seems logical to define
average grain as having an average size. However, the
of a grain of average sizem̃d5Mā35M ^a&3/^1&3, is quite
different from the average grain massm̄d5M ^a3&/^1&.

Turning to the dust plasma frequencies, there now occ
a third possible definition, denoted byṽpd , namely, that cor-
01640
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responding to a monodisperse description at the average
Leaving out for all three definitions the common facto
Q2/«0M , we havevpd

2 }^a21&, v̄pd
2 }^a&2/^a3&, and ṽpd

2

}^1&2/^a&. From

vpd
2 2ṽpd

2 }^a&^a21&2^1&2

5
1

2E gd~a!gd~a8!
~a2a8!2

aa8
da da8>0,

ṽpd
2 2v̄pd

2 }^1&2^a3&2^a&3

5
1

6E gd~a!gd~a8!gd~a9!

3~a1a81a9!@~a2a8!21~a2a9!2

1~a82a9!2#da da8 da9>0, ~13!

the ordering between the three definitions of the dust plas
frequencies follows as

v̄pd
2 <ṽpd

2 <vpd
2 ~14!

and the monodisperse averageṽpd lies between the two oth
ers. Hence, using a monodisperse description at the ave
size tends to underestimate the mass effects of the distr
tion, becausem̄d2m̃d}^1&2^a3&2^a&3>0. The same order-
ing occurs for the corresponding dust-acoustic velociti
with c̃da5ṽpdlD being smaller than the correct averagecda
over the dust distributions. Finally, there are analogous
percussions on the Jeans frequency defined withm̃d rather
than withm̄d , so thatṽJd

2 54pGnd0m̃d<vJd
2 .

For several space dust distributions there occurs a pow
law density decrease with size, of the formgd(a)5Ca2m,
wherem is positive and fairly large, of order 3 to 7. Distr
butions of this sort have been observed in planetary du
plasmas, with power-law indicesm54.6 for theF ring of
Saturn@17#, andm56 @18# or m57 @19# for theG ring. The
integrals over size can then be worked out explicitly,

I,5^a,&5E
amin

amax
gd~a!a, da5C

amin
,112m2amax

,112m

m2,21
.

~15!

For values ofm.,11, viz., for rather steep power-law de
creases and provided the ratioamax/amin is sufficiently large,
the integrals can be approximated as

I,.C
amin

,112m

m2,21
. ~16!

It is then the minimum size of the dust grains that plays
crucial role, but unfortunately this quantity is difficult to a
certain observationally, since it could be well below the se
sitivity of the detectors. Thus we obtain

v̄pd
2 }

I 1
2

I3
.

C~m24!

~m22!2 amin
2m ,
6-3
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ṽpd
2 }

I 0
2

I1
.

C~m22!

~m21!2 amin
2m ,

vpd
2 }I21.

C

m
amin

2m , ~17!

and there are some corrections whenm goes through a criti-
cal value or whenm,4, as discussed elsewhere@7#. It also
follows that the ratios

ṽpd
2

vpd
2

5
I 0

2

I1I21
.

m~m22!

~m21!2 ,

v̄pd
2

vpd
2

5
I 1

2

I3I21
.

m~m24!

~m22!2 ~18!

depend upon the power-law index, but only very weakly
the limits of the distribution range. Whenm.4 but close to
4, these ratios can drop significantly below 1, the limiti
value for largem. While the second ratio only crops up whe
self-gravitation is present, it is the first that would have wid
usage. However, for them values observed in planetary ring
a monodisperse description would give quite acceptable
ues for the plasma frequency and the dust-acoustic velo

IV. CONCLUSIONS

For a continuous distribution of charged grains with in
vidual characteristics, three definitions of the dust plas
frequency, and hence of the dust-acoustic velocity, occur
natural way. The dispersion law for dust-acoustic mod
.
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shows that one definition is based on the average ove
dust grains of the charge-squared-to-mass ratio, where
second one uses the average charge and the average
The difference between the two gives rise to a dust distri
tion mode.

A third option is to replace dust grains in a range of siz
by an average monodisperse description, based on grain
an average radius that conserves overall charge density.
dust plasma frequency thus obtained is intermediate betw
the two others, indicating that assuming a monodisperse
scription at this average size underestimates the mass ef
of the distribution.

In passing, we have discussed the possibility of describ
the dust charge~and mass! distributions independently o
their momenta, and shown that this is tantamount to say
that all dust grains have the same charge-to-mass ratio, if
separability is to hold for allq andm moments. Hence, one
cannot really separate the velocity or momentum aspect
the charge and mass distribution, a reflection of the fact
the charging mechanisms depend on the velocities of
grains.

Our results are of direct interest to various astrophys
dusty plasmas, where dust grains occur naturally in a wh
range of sizes, and hence also in a range of charges, dep
ing on the charging mechanisms, as illustrated here for
case of planetary rings.
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